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Machine Learning for Computer Vision (2/3)

Contents. This part of the course is about basic deep learning for computer
vision.
» It introduces (artificial neural) networks and the logistic regression
problem for networks.
» It introduces the backward propagation algorithm for computing partial

derivatives of a function defined by a network and the steepest descent
algorithm for learning a function defined by a network.
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Machine Learning for Computer Vision (2/3)

Notation. Let G = (V, E) a digraph.
» Forany v eV, let

P,={ueV]|wekE} the set of parents of v (1)
Co={weV|vwwekLE} the set of children of v . 2

» For any u,v € V, let P(u,v) denote the set of all uv-paths of G. (Any
path is a subgraph. For any node u, the uu-path ({u}, ) exists.)

Let G be acyclic.
» Foranyv eV, let

Ay ={u eV |P(u,v) #0}\ {v} the set of ancestors of v (3)
D, ={w eV |P(v,w) # 0} \ {v} the set of descendants of v . (4)
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Machine Learning for Computer Vision (2/3)

Definition. An (artificial neural) network is a tuple (V,V;,,V,, E, O,
{gvo: R = R}ye(v, uv,)\v.6co) with the following properties:

> G=(VUV,UV,, E) is an acyclic digraph.

» For any v € V, called an input node, P, = (.

» For any v € V,, called an output node, C, = 0.

» For any v € V}, called a hidden node, P, # () and C,, # 0.
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Machine Learning for Computer Vision (2/3)

Example. Consider V = {vg,v1,v2}, Vi = {vs}, Vo = {v4} and the digraph:

Vo
o1 o s
V4
V2
Consider, in addition, ©® = {6,601} and
Guso:  RYOUY SRy g 2y 4 oz, (5)
R Riv2vs} L R. g Ty +x§§ . (6)
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Machine Learning for Computer Vision (2/3)

Definition. For any network
(V, Vi, Vo, E,0,{gvo: R"* = R},e(v;,uv,)\v,6co), any v € VUV, UV, and
any 6 € O, let

v if %
ave: RV S R: * |v€' (M)
gvo(ap,o(z)) otherwise
For any 0 € O, the function defined by the network with parameters 0 is
fo: RV =SRY™: ze—av(z) . (8)

For any z € RV:

» «a,0(7) is called the activation of v for input = and parameters 0,

» fo(x) is called the output of the network for input = and parameters 6.
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Machine Learning for Computer Vision (2/3)

Example. Consider V = {vo,v1,v2}, Vi = {vs}, Vo = {va} and the digraph:
Vo o,
U1 0/53\‘0
/VU4
V2

Consider, in addition, ©® = {0,601} and

Gus0: Rivov1} L R. g Ty + 00To, (9)
Gugo: RUZWY SRz, +azgé . (10)

The network (V, Vi, Vo, E,©,{guvs0, gu,0}) defines the function

fo: RY 5 RY: 2 2y + (2o + 00 20,)" . (11)
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Machine Learning for Computer Vision (2/3)

Let (V, V4, Vs, E,©, g) be a network with |V,| = 1 and © = R” for some finite
set J # (). Let f be the family of functions defined by this network.

The instance of the l>-regularized logistic regression problem wrt. f, labeled
data T = (S,RY,z,y) and o € RT has the objective function p: © — R
such that for all 8 € ©:

o0) =3 (~usfole) +n (1+7@) ) 40l . (12)

sesS
Its solutions are those § € © for which

©(0) = inf {p(0) | 6 € B} . (13)

Remark.

» (12) generalizes l>-regularized linear logistic regression

» If f is non-linear in 0, (12) can be non-convex.
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Machine Learning for Computer Vision (2/3)

If f is differentiable, we can apply, e.g., the steepest descent algorithm with
fixed e,n € R:

6:=0
repeat
d :=V(0)
0:=0—nd
if ||d|| < e
return 6

Next, we describe backward propagation, an algorithm for computing Vg f.
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Machine Learning for Computer Vision (2/3)
Lemma. Let j € J. Foranyv € V: 80‘"9 =0. Foranyv e (VL UV,)\ V:

8@1;0 8gu9 Auv (14)

90, 90,

u€ (A, U{vH\V

with

agv’Q

Ay := . 15

v > Il 5o, (15)
(V/,E")eP(u,v) (u/v')EE’

Remark. For any node u: Ay, = 1. For any u,v with P(u,v) = 0: Ay, =0.
Proof (idea).

e Bgvg Oguo Oty
_ 16
90; M Z Oaug 00; 1o

agve 891}0 6911,9 agve 8gu9 8051#9
- Z 8au@ 80J +u§; u’eZP (90éu9 3au/9 (99]

= repeated appllcation (16)

_ Ogue 09.0
o Z 8(% Z H 80@/9

u€(AyU{v}H)\V (V/,E")eP(u,v) (u/,v")EE’
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Machine Learning for Computer Vision (2/3)

Lemma (backward propagation). For all nodes u # w such that P(u,w) # 0:

Auw - Z 691}6 A/uw (17)

da
veCy, uo

Proof.

69 ’
Auw = Z H ﬁ
(VI E"EP(u,w) (u' v')eE!
891}’9
Z Z H aau’e

vEC, (V! E")eP(v,w) (u v )EE" U{(u,v)}

ag’vg 89v'6

vECY Oaug (V!,E")eP(v,w) (u v )EE" g
=3
8au6

vEC,,
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Machine Learning for Computer Vision (2/3)

The backward propagation algorithm computes A, for one node w and all
nodes w. It is defined wrt. an arbitrary partial order <¢ of the nodes such that

Vue VUV, YWwelCy: v<cu. (18)

Input:

Network (V, Vi, Vo, E,0, {gvo: R = R},e(v;,uv,\v.0c0)
Node w e VUV, UV,

for u ordered by <¢ (18)
if u=w
Auw =1
else if P(u,w) =10
Auw =0
else
Do = Srec, 225 A )
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Machine Learning for Computer Vision (2/3)

Summary.

» An (artificial neural) network defines a family of composite functions.

» If the family is differentiable, we can apply the steepest descent
algorithm.

» Partial derivatives of a function defined by a network can be computed by
means of the backward propagation algorithm.
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