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Pseudo-Boolean Optimization

Contents: In this part of the course, we discuss one approach to pseudo-boolean
optimization.

References:

» E. Boros, P. L. Hammer, X. Sun: Network flows and minimization of
quadratic pseudo-Boolean functions. RUTCOR Research Report 17-1991

» E. Boros, P. L. Hammer: Pseudo-Boolean optimization. Discrete Applied
Mathematics 123(1-3): 155-225 (2002)

» E. Boros, P. L. Hammer, R. Sun, G. Tavares: A max-flow approach to
improved lower bounds for quadratic unconstrained binary optimization
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Pseudo-Boolean Optimization

Definition 1
Forany n € N, any d € {0,...,n}, let

Jna= ) (("5™)  Cpa:=RIne (1)

and call any ¢ € C),4 an n-variate multi-linear polynomial form of degree at
most d.

Example. For n = d = 2, we have

Jog = U {1 2}
= (“zf}) U (M) u (1)

= {0} u{{1}, {2} u{{1,2}}
= {®7 {l}v {2}7 {17 2}}

3/28



Pseudo-Boolean Optimization

Definition 2

For any f: A — B and any n € N, f is called an n-variate pseudo-Boolean
function (PBF) iff A= {0,1}" and B CR. Forany f: A — B, f is called a
PBF iff f is an n-variate PBF for some n € N.

Definition 3

Foranyn € N, any d € {0,...,n} and any ¢ € Cygq, the function f. defined
below is called the PBF defined by c.

fer 013" =R oz Y > e ] )

m=0 JE({l,.T.r;m,}) JjeJ

Example. For any ¢ € Ca2, f. is such that for all x € {0,1}*:

fe(z1,22) = cg + cqyx1 + cpoy@2 + c1 232122 -
{1} {2} {1,2}
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Pseudo-Boolean Optimization

Lemma 4

Every PBF has a unique multi-linear polynomial form. More precisely,

Example. For n = d =2 and any f : {0,1}*> — R, the existence of a ¢ € Ca»
such that f = f. means

vz € {0, 1}2: f(z1,@2) = ¢p + c{1yw1 + cray@2 + cp1 23 T122

Explicitly,
f(07 0) =Cp
f(1,0) = cp + cq1y
f(0,1) =cp + cq23
f(L,1) =cp+cpy + ez +equzy -

In this example, a suitable ¢ exists and is defined uniquely by f.
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Pseudo-Boolean Optimization

Proof.
Forany J C {1,...,n}, let 7 € {0,1}" such that for all j € {1,...,n}:

ol 1 ifjed
J 0 otherwise

Now,

vz € {0,1}": f(z) = Z cy H oy

JC{1,...n} jEJ

is written equivalently as

F=") = cp
VI£D: f@l)=cit+ > ey .
J'cJ
Thus, c is defined uniquely (by induction over the cardinality of J). O
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Pseudo-Boolean Optimization

Definition 5
For any n € N and any d € {0,...,n}, let

Foa:i={f:{0,1}" >R |3c€Cpa: f=Ffe} (4)

and call any f € F,,q an n-variate PBF of degree at most d. In addition, call
any f € F,2 a quadratic PBF (QPBF).

Remark. For any n € N, F,,, is the set of all n-variate PBFs (by Lemma 4).

7/28



Pseudo-Boolean Optimization

Definition 6

» For any n € Nand any f:{0,1}" — R, call

min {f(z) [ z € {0,1}"} ()

the instance of the pseudo-boolean optimization (PBO) problem wrt. f.

» For any n € N and any f € F,2, call

min {f(z) | = € {0,1}"} (6)

the instance of the quadratic pseudo-boolean optimization (QPBO)
problem wrt. f.

Is QPBO less complex than PBO?
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Pseudo-Boolean Optimization

Definition 7

For any n € N and any ¢ € C,,,, define the size of ¢ as

size(c) := Z|J| .

(7)
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Pseudo-Boolean Optimization

Lemma 8
For any z,y, z € {0,1}:

z=xzy & axy—2xz—2yz+32=0, (8)
z4xy & wzy—20z—2yz+32>0 . (9)
Proof.
By verifying equivalence for all eight cases. O
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Pseudo-Boolean Optimization

Algorithm 1 (Boros and Hammer 2001)

Input: c € Cpp,

Output: ¢ € Cpo

M:=1+2% ;4

m:=n

@ =@

while there exists a J C {1,...,n} such that |J| > 2 and ¢} # 0
Choose j, k € J such that j # k

.....

m+1 R C

m+1 o m+1

{7, kI‘r {5.k} +M
{J+m+1} = =2
{’“J:?'*‘l} —2M

Clm1} =
for all {j, k}CJ C {1 .,n} such that ¢;;/7 £ 0
+
CJ’ {J k}u{m+1} * CJ’
o 0
m:=m-+1
c =c™
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Pseudo-Boolean Optimization

Theorem 9

» Algorithm 1 terminates in polynomial time in size(c).
> size(c') is polynomially bounded by size(c).

» The multi-linear quadratic form ¢’ is such that V& € R™:

% € argmin f.(x)
xze{0,1}m

= 3’ e{o,1}" <9Aﬂl{1n} =&, .3 A2 € argmin fc’(x,)>
z/e€{0,1}™
(10)
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Pseudo-Boolean Optimization

Proof.

The algorithm replaces the occurrence of z;jz by Zm4+1 and adds the form
M(:L‘jl‘k — 2[E]'5L‘m+1 — 2Tk Tm41 + 31’m+1)-

> If Tm+1 = TjTk,

fm+1(z17 . ~,xm+1) = fm(wla . .,Q?n) S z’ér{lg‘)li}n fm(‘r/) < M/2 ’

> If xpt1 # x5k,
fm+1(x1,...,:rm+1) 2 M/2

(by Lemma 8 and by definition of M).

For every iteration m,
HJ C{1,...,n}|J| >2A 3T #0} < {J C{1,...,n}||J]| > 2A T # 0}

which proves the complexity claims. Il
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Pseudo-Boolean Optimization

Summary:
» Every PBF has a unique multi-linear polynomial form.
» PBO is polynomially reducible to QPBO.
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Pseudo-Boolean Optimization

Definition 10
For any n € N and any d € {0,...,n}, let

K= {(K" K| K" K°C{l,....n} AK'NK°’=0A|K'|+ |K° =d}
d
Jha =) Kin
m=0
Cly={c: Iy = R|Vjie i\ {(0,0)}: 0<c;}

and call any c € C:'d an n-variate posiform of degree at most d.

Example. For n =d = 2,

Jn= {(0,0)}
u{ ({13,0), (0.{1}), ({2},0), 0,{2}) }
u{ {1,210), ({13,{2}), ({2},{1}), (0.{1,2}) }
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Pseudo-Boolean Optimization

Definition 11
Forany n € N, any d € {0,...,n} and any c € C,, f.: {0,1}" — R such that

Ve e {0,1}"  fo(z):= > cppo [[a [ -2 (1)

(J1,0%egt,  jeJt e

is called the PBF defined by c.

Example. For any c € C4, f.: {0,1}* — R is such that Vx € {0,1}*:

f(@) = coo
+ cqyor1 + cpquy (1 — 1) + cpayp22 + cog2y (1 — 2)
+ cq1 23012 + g2y 21 (1 — 22) + crayy (1 — 21) 22
+coqr,2y (1 — 1) (1 — 2) .
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Pseudo-Boolean Optimization

Definition 12
For any n € N and any f: {0,1}" — R, the posiform defined by

vz e {0,1}": K,:={je{l,...,n}z; =1}
KQ:={je{l,...,n}z; =0}
and

J={0.0ru {J {0 KD}

ze{0,1}™
and ¢: J — R such that

cop = min f(z)
Vo € {0,1}"  cx1ko = f(x) — cpp

is called min-term posiform of f.
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Pseudo-Boolean Optimization

Lemma 13

For any n € N and any f : {0,1}" — R, the min-term posiform c of f is such
that f. = f.

Corollary 14

For any n € N and any f : {0,1}" — R, there exists a posiform c € C}\,, such
that fo = f.
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Pseudo-Boolean Optimization

Proof.
Let n € Nand f: {0,1}" — R. Moreover, let ¢ : J — R the min-term posiform
of f.

c is a posiform (by definition).
Let g : {0,1}" — R be the PBF defined by this posiform.
Then, for any z € {0,1}",

(J',J%) €{(0,0), (K:, K2)} € J
are the only elements of J for which

0# [[2 [Ja-2p)=1.

jeJt  jeJo
Thus,

Vo € {0,1}"  g(x) = cop + cx1x
=cpp + f(x) — cgo (by definition of c)
= f(z) .
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Pseudo-Boolean Optimization

Remark. Unlike multi-linear polynomial forms, posiforms of PBFs need not be
unique, e.g., 1 = z122 + x1(1 — x2).

Definition 15
Forany n € N, any f: {0,1}" — R and any d € {0,...,n}, let

C:d(f) 8= {Cec;fd |fc:f} . (12)

Remark. For any n € N and any f: {0,1}" — R, C;,,(f) contains at least the
min-term posiform of f.
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Pseudo-Boolean Optimization

Lemma 16
VneN Vf:{0,1}* =R VYee Cl.(f) Vze€{0,1}": cpp < f(x) .

Proof.
By definition, we have, for all z € {0,1}",

d
flz) = Z Z CK1KO H oy H (1—a%)

m=0 (g1, K0)eK,;,, JEK  j'EKO
d
=cop+ Y 7 oexigo [J o ] -2,
m=1 (K1, K9 eK;,, JEKT  j'EKO

and all coefficients cx1 o in the second sum are non-negative.
Therefore, the second sum is non-negative.
Thus,

vz € {0,1}" f(z) > cop -
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Pseudo-Boolean Optimization

Definition 17

For any posiform ¢ : J — R, a pair (S,y) such that S C {1,...,n} and
y:S — {0,1} is called a contractor of c iff

v(J',J%) e J: J'nS=0 A J°NS=0)
v(EjieJ' NS y;=0)
vEied’ns yi=1) . (13)
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Pseudo-Boolean Optimization

Theorem 18 (partial optimality)

For anyn €N, any f : {0,1}" — R, any posiform c € C\,,(f) and any
contractor (S,y) of ¢, there exists a solution x* to the problem
min {f(z) | x € {0,1}"} such that

VieS: xj=vy; .

(14)
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Pseudo-Boolean Optimization

Proof.
Let osy : {0,1}" — {0,1}" such that Vz € {0,1}" Vj € {1,...,n}:

asy(x)j:{yf fjes (15)

x; otherwise
Let JS :={(J},J) € Ji, | J'NS=J°NS =0} and J® :=J\ J°.
Now, Vz € {0,1}™:

f(x):ZCJlJO ij H @—z)+ ZCJlJO H:r]- H 1—=;) -

(J1,J%egs  jeJt  j'eJO (J1,J%egs  jeJt  j'eJO

=:f5 () =:f5(x)

Furthermore, Vz € {0,1}™:

FP(osy(z)) =0 (by definition)
0< f%(x) (because (0,0) ¢ J°)
FE(osy(@)) = £5(2) oy deffiat ier)
Adding the lhs. and rhs. shows that og, is improving for the problem
min {f(z) | 2 € {0,1}"}. O
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Pseudo-Boolean Optimization

For any n € N, consider n-variate quadratic forms, i.e.

» any multi-linear polynomial form ¢ € Cy2, and f, i.e. for all z € {0,1}™:

fe@)=co+ D cgym+ > C{jk} T Tk

je{1,..., n} {j,k}E({l ~~~~~ “})
» any posiform ¢’ € Cf,, and f/, i.e. for all z € {0, 1}™
fo@ =chp+ Y (o +chy(1 - =)
j€{1,...,n}
> (Cumomik + g (1 —ax)

Likte ({1,.2.,n})

+ gy en(l = 23) + gy (1 - 25)(1 = ax))
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Pseudo-Boolean Optimization

Lemma 19

For anyn € N, any QPBF f :{0,1}" — R, the ¢ € Ch2 such that f. = f and
any ¢ € CH(f):

co=cho+ Y chyy + S ayw
i=1 Grye(tymh

Vie{l,..,n}: ey =cip—cont+ D, (e —coun)
ke{l,....,n}\{j}

@ 1,..., n . ! / / /
Vi kY e (™) cpmy = dumpo + ir — uri — Sy

Proof.
Expansion of the posiform ¢’ yields a quadratic multi-linear polynomial form.
Comparison with c yields the conditions stated in the Lemma. O
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Pseudo-Boolean Optimization

Definition 20 (Complementation)

For any n € N and any QPBF f:{0,1}" — R, the real number
max {cjy | ¢ € CH,(f)} is called the floor dual of f.

Corollary 21 (of Lemma 19)

For any n € N and any QPBF f : {0,1}" — R, the floor dual is the value of an
optimal solution to the linear program

n
/ /
LILR Co — ch{j} - Z Co{4,k}
j=1

el aF
R {j,k}e({l’“z"’n})
subject to Vj € {1,...,n}: cyy = Cye — oy + Z (i iry — Cogiry)
ke{l,...,n}—{j}
o 1,..., n . ! / / /
Vi kY e (5™): em = e + b — iy — S
VJ € Jh —{(0,0)}: 0<dcs .
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Pseudo-Boolean Optimization

Summary:
» Every PBF has a posiform

» The posiform of a PBF need not be unique
» For every PBF f and every posiform c of f

» cyp is a lower bound on the minimum of f
» partial optimality holds at any contractor of ¢

» For any PBF, a quadratic posiform with maximum floor dual bound cgp can
be found by solving a linear program.
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